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Different approaches to the fermion mass problem are reviewed. We il- 
lustrate these approaches by summarizing recent developments in models of 
quark and lepton mass matrices. Dynamical calculations of the top quark 
mass are discussed, based on (a) infrared quasi- fixed points of the renormal- 
isation group equations, and (b) the multiple point criticality principle in 
the pure Standard Model. We also consider Yukawa unification and mass 
matrix texture. Models with approximately conserved gauged chiral flavour 
charges beyond the Standard Model are shown to naturally give a fermion 
mass hierarchy. 



1 Introduction 

The explanation of the fermion mass and mixing hierarchies and the three gen- 
eration structure of the Standard Model (SM) constitutes the most important 
unresolved problem in particle physics. We shall discuss recent developments in 
three of the approaches to this problem: 

1. The dynamical determination of the top quark mass. 

2. Mass matrix ansatze and texture zeroes. 

3. Chiral flavour symmetries and the fermion mass hierarchy.. 

Neutrino masses, if non-zero, have a different origin to those of the quarks and 
charged leptons; we do not have time here to discuss recent applications of the so- 
called see-saw mechanism, which seems the most natural way to generate neutrino 
masses. 
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2 Dynamical Top Quark Mass 



There is presently a lively interest |T|, ^, Q| in determining the top quark mass nit 
(or more generally third generation masses) dynamically. Most of the discussed 
models lead to the top quark running Yukawa coupling constant being 
attracted to its infra-red quasi-fixed point value. We have very recently pointed 
out [Q] that the top quark (and Higgs) mass can be calculated within the pure 
SM, assuming the multiple point criticality principle. We now discuss these two 
possibilities. 

2.1 Top Mass as a Renormalisation Group Fixed Point 

The idea that some of the properties of the quark-lepton mass spectrum might 
be determined dynamically as infrared fixed point values of the renormalisation 
group equations (RGE) is quite old 0. In practice one finds an effective 

infrared stable quasifixed point behaviour for the SM quark running Yukawa 
coupling constant RGE at the scale /i ~ mj, where the QCD gauge coupling 
constant gs^fJ.) is slowly varying. The quasifixed point prediction of the top 
quark mass is based on two assumptions: (a) the perturbative SM is valid up to 
some high (e.g. GUT or Planck) energy scale Mx — 10^^ — 10^^ GeV, and (b) 
the top Yukawa coupling constant is large at the high scale gt{Mx) ^ 1. The 
nonlinearity of the RGE then strongly focuses gt{lj) at the electroweak scale to 
its quasifixed point value. We note that while there is a rapid convergence to the 
top Yukawa coupling fixed point value from above, the approach from below is 
much more gradual. The RGE for the Higgs self-coupling A(/i) similarly focuses 
A(^) towards a quasifixed point value, leading to the SM fixed point predictions 
for the running top quark and Higgs masses: 

mt ~ 225 GeV ran ~ 250 GeV (1) 

Unfortunately these predictions are inconsistent with the CDF and DO results 
[^, which require a running top mass mt — 170 ± 12 GeV. 

However the fixed point top Yukawa coupling is reduced by 15% in the Mini- 
mal Supersymmetric Standard model (MSSM), with supersymmetry breaking at 
the electroweak scale or TeV scale, due to the contribution of the supersymmetric 
partners to the RGE. Also the top quark couples to just one of the two Higgs 
doublets in the MSSM, which has a VEV of V2 = (174 Gev) sin leading to the 
MSSM fixed point prediction for the running top quark mass Q: 

mt{mt) ~ (190 Gev) sin j3 (2) 

which is remarkably close to the CDF and DO results for tan/? > 1. 
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For large tan (3 it is possible to have a bottom quark Yukawa coupling satis- 
fying gf,(Mx) ^ 1 which then approaches an infrared quasifixed point and is no 
longer negligible in the RGE for gtifJ-)- Indeed with tan /? ~ mt{mt) / miy(mt) — 60 
we can trade the mystery of the top to bottom quark mass ratio for that of a 
hierarchy of vacuum expectation values, V2/V1 ~ mt{'mt)/mh{mt), and have all 
the third generation Yukawa coupling constants large: 

gt{Mx)>l gb{Mx)>l 9r{Mx)>l (3) 

Then nit, and R = mfj/mr all approach infrared quasifixed point values com- 
patible with experime nt |p!o| . This large tan /? scenario is consistent with the idea 
of Yukawa unification jl^ : 

gt{Mx) = gh{Mx) = gAMx) = go (4) 

as occurs in the SO(IO) SUSY-GUT model with the two MSSM Higgs doublets in 
a single 10 irreducible representation and 5g ^ 1 ensures fixed point behaviour. 
However it should be noted that the equality in Eq. (Q) is not necessary, since 
the weaker assumption of large third generation Yukawa couplings, Eq. @, is 



sufficient for the fixed point dynamics to predict [10| the running masses nit — 
180 GeV, nib ~ 4.1 GeV and rrij- ~ 1.8 GeV in the large tan/? scenario. Also the 
lightest Higgs particle mass is predicted to be m/jO ~ 120 GeV (for a top squark 
mass of order 1 TeV) . 

The origin of the large value of tan /? is of course a puzzle, which must be 
solved before the large tan/? scenario can be said to explain the large nit/mb 



ratio. It is possible to introduce approximate symmetries |13| of the Higgs 
potential which ensure a hierarchy of vacuum expectation values - a Peccei-Quinn 
symmetry and a continuous Tt symmetry have been used. However these symme- 
tries are inconsistent with the popular scenario of universal soft SUSY breaking 
mass parameters at the unification scale and radiative electroweak symmetry 



breaking |14]. Also, in the large tan/3 scenario, SUSY radiative corrections to 
nib are generically large: the bottom quark mass gets a contribution propor- 
tional to V2 from some one- loop diagrams with internal superpartners, such as 
top squark-charged Higgsino exchange , whereas its tree level mass is proportional 
to vi = V2I tan/?. Consequently these loop diagrams give a fractional correction 
Smb/mi, to the bottom quark mass proportional to tan (3 and generically of order 



unity [|l3| , 14 1. The presence of the above-mentioned Peccei-Quinn and TZ sym- 
metries and the associated hierarchical SUSY spectrum (with the squarks much 
heavier than the gauginos and Higgsinos) would protect from large radiative 
corrections, by providing a suppression factor in the loop diagrams and giving 
6mf,/mf, ^ 1. However, in the absence of experimental information on the super- 
partner spectrum, the predictions of the third generation quark-lepton masses in 
the large tan /? scenario must, unfortunately, be considered unreliable. 
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2.2 Criticality and the Standard Model 

Here we consider the idea [^] that Nature should choose coupUng constant val- 
ues such that several "phases" can coexist, in a very similar way to the stable 
coexistence of ice, water and vapour (in a thermos flask for example) in a mix- 
ture with fixed energy and number of molecules. The application of this so- 
called multiple point criticality principle to the determination of the top quark 
Yukawa coupling constant requires the SM (renormalisation group improved) ef- 
fective Higgs potential to have coexisting vacua, which means degenerate minima: 
Veffi^'mini) = Veff{4'min2)- The important point for us, in the analogy of the 
ice, water and vapour system, is that the choice of the fixed extensive variables, 
such as energy, the number of moles and the volume, can very easily be such 
that a mixture must occur. In that case then the temperature and pressure (i. e. 
the intensive quantities) take very specific values, namely the values at the triple 
point, without any finetuning. We stress that this phenomenon of thus getting 
specific intensive quantitities is only likely to happen for stongly first order phase 
transitions, for which the interval of values for the extensive variables that can 
only be realised as an inhomogeneous mixture of phases is rather large. 

In the SM, the top quark Yukawa coupling and the Higgs self coupling cor- 
respond to intensive quantities like temperature and pressure. If these couplings 
are to be determined by the criticality condition, the two phases corresponding 
to the two effective Higgs field potential minima should have some "extensive 
quantity", such as / (i^x|(;/)(x)p, deviating "strongly" from phase to phase. If, as 
we shall assume, Planck units refiect the fundamental physics it would be natu- 
ral to interpret this strongly first order transition requirement to mean that, in 

Planck units, the extensive variable densities - — rn = < KP > for the two 

vacua should differ by a quantity of order unity. Phenomenologically we know 
that for the vacuum 1 in which we live, <Z (p ^vacuum 1 — 246 GeV and thus we 
should really expect < (p >vacuum 2 in the other phase just to be of Planck order 
of magnitude. In vacuum 2 the c/)^ term will a priori strongly dominate the 0^ 
term. So we basically get the degeneracy to mean that, at the vacuum 2 mini- 
mum, the effective coefficient X{4>vacuum 2) must be zero with high accuracy. At 
the same c^-value the derivative of the renormalisation group improved effective 
potential Veff{(f)) should be zero because it has a minimum there. Thus at the 
second minimum the beta-function Px vanishes as well as A(i;^). 

We use the renormalisation group to relate the couplings at the scale of vac- 
uum 2, i.e. at fi = (pvacuum 2 J to their values at the scale of the masses themselves, 
or roughly at the electroweak scale // ^ (^vacuum 1 • Figure || shows the running 
A(0) as a function of log((/>) computed for two values of (pvacuum 2 (where we im- 
pose the conditions (3\ = \ = 0) near the Planck scale Mpianck — 2 x 10^^ GeV. 
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Figure 1: Plot of A as a function of the scale of the Higgs field (/> for degenerate 
vacua with the second Higgs VEV at the scale (a) (^vacuum i 

= 1020 GeV and (b) 

4>vacuum 2 = 10^^ GeV. We formally apply the second order SM renormalisation 
group equations up to a scale of 10^^ GeV. 

Combining the uncertainty from the Planck scale only being known in order of 
magnitude and the ctQCDiMz) = 0.1 17 ±0.006 uncertainty with the calculational 
uncertainty , we get our predicted combination of top and Higgs pole masses: 

Mt = 173 ± 4 GeV Mh = 135 ± 9 GeV. (5) 



3 Ansatze and Mass Matrix Texture 

The best known ansatz for the quark mass matrices is due to Pritzsch Jl 
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Mu = \ C B \ Md = \ C B' \ (6) 

B' 

where it is necessary to assume: \A\ ^ \B\ S> |C|, \A'\ ^ \B'\ ^ \C'\ in order 
to obtain a good fermion mass hierarchy. However, in addition to predicting 

a generalised version of the relation 9,. ~ ,/— for the Cabibbo angle, which 
° V 

originally motivated the ansatz, it predicts the relationship: 



which cannot be satisfied with a top quark mass mt > 100 GeV Consistency 
with experiment can be restored by, for example, introducing a non-zero 22 mass 
matrix element In fact a systematic analysis [^] of symmetric quark mass 
matrices with 5 or 6 "texture" zeros at the SUSY-GUT scale has been made, 
yielding 5 ansatze consistent with experiment. Recently ansatze incorporating 
the Georgi-Jarlskog SUSY-GUT mass relations between leptons and quarks, 
mb{Mx) = niriMx), ms{Mx) = m^{Mx)/5 and md{Mx) = 3me(Mx), have 
been studied. In particular a systematic analysis of fermion mass matrices in 



SO(IO) SUSY-GUT models |12, 21] has been made in terms of 4 effective oper- 
ators. A scan of millions of operators leads to just 9 solutions consistent with 
experiment of the form: 





Yu 

A 
(8) 

For each of the 9 models the Clebschs Xi and x ■ have fixed values and the Yukawa 
coupling matrices Yi depend on 6 free parameters: A, B, C, E, (p and tan/3. Each 
solution has Yukawa unification and gives 8 predictions consistent with the data. 



4 Chiral Flavour Symmetry and the Mass Hierarchy 

It is natural ||5| to interpret the fermion mass hierarchy in terms of partially 
conserved chiral quantum numbers beyond those of the SM gauge group. Mass 
matrix elements are then suppressed by powers of a symmetry breaking param- 
eter, which may be thought of as the ratio of the new chiral symmetry breaking 
scale to the fundamental scale of the theory. The degree of forbiddenness of a 
mass matrix element is then determined by the quantum number difference be- 
tween the left- and right-handed SM Weyl states under consideration and the 
assumed superheavy fermion spectrum. For example the four effective operators 
in the ansatz of Eq. can each be associated with a unique tree diagram, by 
assigning an approximately conserved global U{l)f flavour charge appropriately 
to the quarks, leptons and the superheavy states, which are presumed to belong 
to vector-like SO(IO) 16 -|- 16 representations. The required parameter hierarchy 
A ^ B, E ^ C is naturally obtained in this way and, in particular, the tex- 
ture zeros reflect the assumed absence of superheavy fermion states which could 
mediate the transition between the corresponding Weyl states. 

We now turn to models in which the chiral flavour charges are part of the 
extended gauge group. The values of the chiral charges are then strongly con- 
strained by the anomaly conditions for the gauge theory. It will also be assumed 
that any superheavy state needed to mediate a symmetry breaking transition ex- 
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ists, so that the results are insensitive to the details of the superheavy spectrum. 
The aim in these models is to reproduce all quark-lepton masses and mixing 
angles within a factor of 2 or 3. 



Ibanez and Ross |22| have constructed an anomaly free MSSM x f7(l)/ 
model. The U{\)f charges assigned to the quarks and leptons generate Yukawa 
matrices of the following form: 

/g8 g3 g4x 8 _3 _4 5 _3 Q 

Y^c^ie^ e2 , Y,c^[ e] e (9) 

Ve^ e 1/ Ve^ e 1/ Vo l/ 

which are symmetric up to factors of order unity. The correct order of magnitude 
for all the masses and mixing angles are obtained by fitting e, e and tan /?. This is a 
large tan P ~ mt/irib model, but not necessarily having exact Yukawa unification. 
The U{1) f symmetry is spontaneously broken by two Higgs singlets, 9 and 9, hav- 
ing U{l)f charges +1 and —1 respectively and equal vacuum expectation values. 
The U{1)'jU{1)y gauge anomaly vanishes. The anomaly and the mixed 

U{l)f gravitational anomaly are cancelled against unspecified spectator particles 
neutral under the SM group. However cancellation of the mixed SU{3)^U{1) j, 
SU{2)'^U{1) f and C/(l)yf/(l)j anomalies is only possible in the context of su- 
perstring theories via the Green-Schwarz mechanism [^3| with sin^ = 3/8. 
Consequently the U{l)f symmetry is spontaneously broken slightly below the 
string scale. 

A number of generalisations of this model has been considered during the last 
year. By using non-symmetric mass matrices an anomaly free model has been 
constructed |24| without the need for the Green-Schwarz mechanism. Models 



have also been considered |24, 25|, in which the U{l)f symmetry is broken by 
just one chiral singlet field 9 having a U{1) f charge, say, —1. It then follows, from 
the holomorphicity of the superpotential, that only positive U{l)f charge differ- 
ences between left and right handed Weyl states can be balanced by 9 tadpoles. 
Consequently mass matrix elements corresponding to negative U{l)f charge dif- 



ferences have texture zeros |26]. Furthermore if the two Higgs doublet fields carry 
U{l)f charges that do not add up to zero, the fiHiH2 term is forbidden in the 
superpotential p7[| . Finally we remark that in effective superstring theories the 
role of the U{l)f symmetry can be played by modular symmetry Q, with the 
U{l)f charges replaced by the modular weights of the fermion fields. 
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